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Selecting the best structure of nonlinear autoregressi®e models with exogeneous inputs
( )NARX is important for good parameter estimation and control. If the process is also
time ®arying, the best structure selection procedure should be done in an on-line fash-
ion. Simultaneous model selection and parameter estimation can be achie®ed by em-

( )ploying the Gi®ens forward selection with exponential windowing GFEX algorithm.
An on-line implementation yields a ®ariable-structure NARX-model identification, which

( )can be used for control of a dissol®ed-oxygen DO process. The results of an adapti®e
DO control scheme, which uses a fixed model structure and was applied to a batch
Bacillus subtilis fermentation, were used in this study. Time-dependent patterns of se-
lected terms were obser®ed that roughly corresponded to different fermentation stages.
Fitting and prediction capabilities for the adapti®ely selected NARX model were com-
pared with fixed ARX and NARX models. The effect of the forgetting factor and the
model order was in®estigated. Performance is satisfactory for short-step-ahead predic-
tion, and a®oiding o®erparametrization can stabilize the long-step-ahead prediction.

Introduction
Modeling of biological systems presents a challenge. The

Ž .dissolved-oxygen DO process,’’ namely the process of oxy-
gen transfer and consumption in biological systems is difficult
to model, due to the time-varying, nonlinear nature of the
cell metabolism and its dependence on DO level, and the
presence of disturbances and variations, such as antifoam ad-
dition, and alteration of the mass-transfer coefficient and
oxygen solubility during the course of a fermentation. Model-
ing the cell metabolic activities, and in particular the oxygen
uptake rate, requires the knowledge of intricate metabolic
pathways, regulatory mechanisms, and specific reaction rates,
which are difficult to obtain. Also, on-line measurements are
necessary for metabolic activity indicators such as cell density
and carbon dioxide evolution rate, which are not always
available. Deterministic input�output models can be used in-
stead, because they require no knowledge of biological sys-
tem. Their parameters can be updated on-line to allow track-
ing of the time-varying system dynamics.

The aim of this article is to investigate the performance of
adaptively updated single input�output models used for DO
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control purposes. The performance is evaluated from the fit-
ting accuracy of the model and the accuracy of the predicted
future outputs. It turns out that a trade-off should be achieved
between fitting and prediction capability for successful imple-
mentation of the model for control purposes. The model
structure was fixed at first. A changing model structure can
account for the changing metabolic state of the culture. A
procedure was developed for on-line structure selection and
parameter estimation for nonlinear ARX models. Different
formulations of the model structure in terms of the degree of
the nonlinearity of the complete model were evaluated.

The input for all models was the flow rate of oxygen in the
fermenter in a constant flow-rate gas mixture with nitrogen.
This manipulated variable was selected because it allows study
of the DO level effect on fermentations under constant shear
environment that is achieved by keeping the agitation rate
and the total aeration rate constant. This selection had a sig-
nificant disadvantage, namely, the introduction of time delay
for the model input. The variation of the time delay due to
the changing cell metabolism was estimated by allowing a high
order of the input terms, such that the model structure se-
lected can account for the varying time delay. This approach
can be modified to account for explicit time-delay determina-
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tion. This way, loss of input dependence on noisy conditions
and selection of purely autoregressive models can be avoided.
Research to incorporate time-delay estimation with the struc-
ture selection is ongoing.

Recursive On-Line Structure Selection of NARX
Models

A solution to tracking dynamics of nonlinear systems, which
change with time, is to use time-varying nonlinear models and
on-line parameter estimation. Linear in parameters, nonlin-

Ž .ear autoregressive with exogeneous inputs NARX models
Ž .Leontaritis and Billings, 1985 can be used to describe a large
class of nonlinear systems. For a discrete time SISO system,
the NARX model can be written as

wy t sF y ty1 , . . . , y tyna , u ty1ynk ,Ž . Ž . Ž . Ž .

x. . . , y tynbynk q e t , 1Ž . Ž . Ž .

Ž . Ž . Ž .where t is the t th time step; y t , u t , and e t denote the
output, input, and noise, respectively; na and nb are the cor-
responding orders of the output and input; and nk is the

wxminimum time delay of the input. The function F includes
cross-product and higher-order polynomial terms. The de-

Ž . Ž .gree of the power terms in y t and u t is referred to as the
degree of nonlinearity, l. Various possibilities of parametriz-

wx Ž .ing F exist Chen et al., 1989 . If the function is chosen to
Ž . Ž .include all the possible monomials of lagged u t and y t ,

Ž . Ž .for example, u ty1 y ty2 up to order l, a polynomial model
is obtained. Introducing a bias term according to Proll and¨

Ž .Karim 1994 , the model can be built around the n linear
terms, which correspond to ls1, where nsnaqnbq1.
These terms can be represented by the following vector:

wx t s x t , . . . , x t s 1, y ty1 , . . . , y tyna ,w xŽ . Ž . Ž . Ž . Ž .1 n

xu ty1ynk , . . . , u tynbynk . 2Ž . Ž . Ž .

Each additional term of the polynomial model is built from
these n basic elements without the bias term by multiplying
them together up to polynomial degree of l. The polynomial
model can then be written in the following compact form in

Ž .terms of the vector x t as follows:

n n n

w xy t s ��� x x ��� x � q e t , 3Ž . Ž . Ž .Ž .Ý Ý Ý jl j2 jl j
j1s1 j2s jl jls jly1

where � are the model parameters, js1, . . . , m , where mj l l
is the number of nonlinear polynomial terms of the model
corresponding to an l degree on nonlinearity. According to
Eq. 3, the number of possible regressors in the model m isl
given by

n n n

m s ��� 1 . 4Ž . Ž .Ý Ý Ýl
j1s1 j2s j1 jls jly1

Thereafter, the subscript l will be dropped and the number
of possible terms in the model will be denoted as m. Equa-

tion 3 can be written in the following concise form:

m
Ty t s � ty1 � ty1 q e t s� ty1 � t q e t .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý i i

is1

5Ž .

Combining all the data at time steps 1, 2, . . . , t produces
the following model:

y t s� t � t q e t , 6Ž . Ž . Ž . Ž . Ž .

Ž . Ž .where � t is a t� m regression matrix that is given by � t
w Ž . Ž .xT Ž .s � 0 , . . . , � ty1 , � t is a m�1 model parameter vec-

Ž . w Ž . Ž .x Ž . w Ž . Ž .x Žtor, y t s y 1 , . . . , y t , and e t s e 1 , . . . , e t both
.t�1 vectors .

Like most nonlinear models, the structure of the NARX
model doesn’t satisfy the shift-invariant property or succes-
sive expansion of candidate variables. Lattice algorithms de-
veloped for linear systems can perform on-line adjustment
for the order of linear ARX or ARMAX models using
order-recursion methods based on the shifting property of the

Ž .regressors Luo et al., 1994 . The recursive modified Gram-
Ž .Schmidt orthogonalization Ling et al., 1986 does not re-

quire the shifting property as a prerequisite for performing
order recursion, but the expansion of the candidate variables
must be in a specified form for easy adjustment of the model
order. Since polynomial NARX models do not have such a
simple structure of model expansion, the order-recursive pro-
cedure of RMGS cannot be readily applied to adjust the
structure of the model. The off-line QR decomposition algo-

Ž .rithms with forward selection described by Chen et al., 1989
can provide a good starting point for developing on-line
structure detection of models. These algorithms have the fol-
lowing problems:

1. Need for sequential orthogonal transformation.
Ž2. A matrix position swapping between columns that oc-

.curs when an important term is selected destroys the orthog-
onality of the remaining vectors, hence the need for re-
orthogonalization.

3. The regression matrix may not be of full rank, hence
problems with singularities can arise.

A new recursive QR decomposition algorithm for time-
varying NARX models called Givens rotation with forward

Ž .selection and exponential windowing GFEX developed by
Ž .Luo et al., 1994 is used to select recursively the model on-
line and estimate the unknown parameters. This basic algo-
rithm for model selection based on the Akaike information

Ž . Ž .criterion AIC Akaike, 1970 and an exponential window
model error-tracking are presented next.

QR Decomposition
Ž . TŽ . Ž .If Q t is an orthonormal t� t matrix, that is Q t Q t s I,

which obeys the following relationship:

R tŽ .TQ t � t s , 7Ž . Ž . Ž .
O tŽ .

Ž . Ž . Ž .where O t is a tym � m zero matrix and R t is an m� m
upper triangular matrix, this decomposition is called an or-
thogonal triangular decomposition or a QR decomposition.
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TŽ .By premultiplying Eq. 6 with Q t , one obtains

QT t y t sQT t � t � t qQT t e tŽ . Ž . Ž . Ž . Ž . Ž . Ž .
R tŽ . Ts � t qQ t e t . 8Ž . Ž . Ž . Ž .
O tŽ .

Ž . TŽ . Ž .If © t sQ t y t , then the following expression can be
written:

© tŽ . R tŽ .m T© t s s � t qQ t e t , 9Ž . Ž . Ž . Ž . Ž .
© t O tŽ . Ž .tym

Ž . Ž .where © t contains the first m components of © t andm
Ž .© t contains the remainder. The QR decomposition oftym

the initial data set can be achieved using various methods,
such as Gram-Schmidt orthogonalization, Householder trans-

Žformations, and Givens rotations Golub and Van Loan,
.1989 . The slower Givens rotation method is used because of

the ease of developing and expanding the algorithm. Back-
ground on Givens rotation is given in the next subsection.

Ž . w Ž . Ž .xBuilding the t� my1 matrix � t , y t , for the first m
columns, js1, . . . , m, apply Givens rotations successively
with is j, ks jq1, . . . , m and ms j. As explained later,
this introduces zeros all through column j, below the diago-
nal, while retaining orthogonality. This sequence of Givens
rotation for each column has to be repeated for the first m
columns. Due to the introduction of zeros, the row elements
up to the column jy1 are equal to zero; therefore, the Givens
rotation can be applied for the row elements ns j, . . . , mq1
only. The effect of this method is the following transforma-
tion:

R t © tŽ . Ž .mw x� t y t ´ . 10Ž . Ž . Ž .
O t © tŽ . Ž .tym

Ž .Once the regressor matrix � t has been decomposed and
Ž . Ž .the matrices R t and © t are available, the estimation ofm

Ž .� t can be done easily by solving the triangular system
Ž . Ž . Ž .R t � t s© t using a backsubstitution algorithm. Hence,m

off-line parameter estimation can be obtained this way. Due
Ž .to the orthogonality of Q t , the norm of the residual error

can be calculated as follows:

R tŽ .
I e t IsI y t y� t � t Is © t y � tŽ . Ž . Ž . Ž . Ž . Ž .

O tŽ .
1r2t© t yR tŽ . Ž .m 2s sI© t Is � t .Ž . Ž .Ýtym iž /© tŽ .tym is mq1

11Ž .

Ž . Ž .Taking into account the fact that I© t IsI y t I, one can
conclude that

I e t I 2sI© t I 2sI y t I 2yI© t I 2Ž . Ž . Ž . Ž .ymt m

s yT t y t y©T t © t . 12Ž . Ž . Ž . Ž . Ž .m m

This result will be used later in the model-selection algo-
rithm.

Recursive QR Decomposition
For recursive on-line parameter estimation, suppose that

Ž . Ž .there are ty1 observations of the system y ty1 s� ty1
Ž .� ty1 that contain m regression variables. Also suppose that

a new observation is added to improve the previous esti-
Ž .mates. If the QR decomposition matrices R t y1 and

Ž .© ty1 are available, the new matrices should be updatedm
using the new information only. This can be represented as
the following transformation:

R ty1 © ty1 R t © tŽ . Ž . Ž . Ž .m m
´ . 13Ž .T O t � tŽ . Ž .� ty1 y tŽ . Ž . t

This transformation can be done by employing an orthogo-
nal transformation matrix QT, which can be formed as thet
product of m Givens rotations as

QTsGT t GT t ��� GT t , 14Ž . Ž . Ž . Ž .t m my1 1

Ž . ŽŽwhere G t , is1, . . . , m, are Given rotation matrices mqi
. Ž ..1 � mq1 . These matrices are used when a specific entry

Ž .in a matrix needs to be zeroed Golub and Van Loan, 1989 .
They have the following form:

1 ��� 0 ��� 0 ��� 0
. . . ... . . . ... . . .
0 ��� c ��� s ��� 0
. . . ... . . . .G i , k s . 15Ž . Ž ... . . .
0 ��� y s ��� c ��� 0
. . . ... . . . ... . . .
0 ��� 0 ��� 0 ��� 1

The first column involved is i and the second is k. Premul-
wŽ . Ž .x Ž .tiplication of a matrix C mq1 � mq1 by G i, k affects

only rows i and k of the matrix. To introduce a zero at the
Ž .position k, l of the matrix, one needs to select c and s as

c yci , l k , l
cs , ss . 16Ž .

2 2 2 2' 'c qc c qci , l k , l i , l k , l

Ž .TIf gsG i, k C, then

cc y sc js i , �h° i ,h k ,h

~sc qcc jsk , �hg s 17Ž .i ,h k ,hi ,h ¢c j� i ,k , �h.j,h

Applying Givens rotations m times, for all the elements of
Ž .� ty1 in the last row of the matrix in the RHS of Eq. 13,

that is, having sequentially ls1, . . . , m, ksmq1, and is1,
w Ž .x. . . , m the diagonal elements of R t one can achieve the

desired transformation by eliminating all these nonzero ele-
ments of the mq1s th row and introduce zeros. Hence, the
transformation is achieved by calculating c and s by Eq. 16

Ž .and applying successively m Given rotations Eq. 17 be-
tween rows i and mq1, based on column i, for is1, . . . , m.

Ž .Due to the upper triangular structure of R t , the row ele-
ments up to the column iy1 are equal to zero, therefore, the
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Givens rotation can be applied for the row elements js i,
. . . , mq1 only. To track variations in the parameters of the
system, it is essential to put more weight on recent
input�output and residuals data. Employing a forgetting fac-

Ž .tor �, 0� ��1, the residual sum of squares RSS , which is
Ž . 2minimized for parameter estimation, changes from I e t I

to

t
2 T iy1 2RSS t sI e t I s e t e t s � e iŽ . Ž . Ž . Ž . Ž .Ý

is1

s�RSS ty1 q e2 t , 18Ž . Ž . Ž .

1r2 ty1Ž . Ž . Ž . Ž . w xwhere e t s	 t e t , 	 t sdiag � , . . . , �, 1 , is a
weighted error vector. When the forgetting factor is em-

Ž . Ž .ployed, the R ty1 and © ty1 in Eq. 13 should bem
weighted and multiplied by �1r2 yielding the following start-

Ž . Ž . Ž .ing mq1 � mq1 matrix C t for the transformation:

1r2 1r2 R t © t� R ty1 � © ty1 Ž . Ž .Ž . Ž . mmC t s ´ ,Ž .
T O t � tŽ . Ž .� ty1 y tŽ . Ž . t

19Ž .

1r2 1r2Ž . Ž . Ž . Ž . Žwhere R ty1 s� ty1 R ty1 and © ty1 s� tym
. Ž .1 © ty1 . This formation can be used with the variable for-m

getting factor.

On-Line Structure Detection
For on-line structure detection three problems must be re-

solved:
� Determine elements or functions of elements that repre-

sent the contribution of a regression variable to the output.
� Reformulate the orthogonal vectors based on the se-

lected optimal regressors at every selection step.
� Determine the proper criterion for stopping selecting

terms.
Starting from Eq. 12 one can refer to a reduced set of re-

Ž .gressors parsimonious set with the subscript s. Dividing by
T Ž .y y, one gets the normalized RSS NRSS associated with this

model:

mT s© ©m ms sNRSSs1y s1y ERR , 20Ž .Ý iTy y is1

where ERR s®2ryTy. This is defined as the error reductioni i
Ž . Žratio ERR of the regressor term i Billings and Chen, 1989;

. Ž .Korenberg et al., 1989 . Luo et al. 1994 have used the value
of ®2 to select significant regressor terms from all the possi-i
ble regression variables by using a forward-search procedure.
According to this scheme the jth optimal regressor is se-
lected by computing ®2 for all ps j, . . . , m and picking thep
maximum ®2 term. Looking carefully, one finds that the valuep
of each ®2 represents the contribution of term i to the errori

Ž .reduction of any model composed of the terms 1, . . . , k ,
ks i, . . . , m. Hence, the value of ®2 calculated by QR or-i
thogonalization depends on the arrangement of the possible
regression terms done initially. In other words, it depends on
the values of the previous ®2 terms, js1, . . . , iy1. There-j
fore, only ®2 represents the true significance of the first term.l

To get through this difficulty, suppose that there is the jth
selection step, then, as jy1 terms have been selected, the
possible ps j, . . . , m terms have to be tested as the jth term
of the model. The error associated with each possible term
can be calculated using Eq. 20 after each possible term has
been lined up in triangular formation next to the previous
terms. This arrangement involves column swapping and retri-

w xangularization of the augmented R, © matrix, so that or-m
thogonality conditions are kept. To demonstrate the retrian-
gularization consider js1 and ps3. After swapping columns

Ž . Ž .j and p of R t , due to the triangular structure of R t , the
new augmented matrix will be

r r r r ��� r �13 12 11 14 1m 1

r r 0 r ��� r �23 22 24 2m 2

r 0 0 r ��� r �33 34 3m 3
. 21Ž .0 0 0 r ��� r �44 4m 4

. . . . .. .. . . . . . .. .. . . . ...0 0 0 0 r �mm m.

Ž .To retriangularize the R t matrix, one should introduce ze-
ros in the appropriate positions below the diagonal, in this
case, in the lower triangle between rows 2 and 3 and columns
1 and 2. Givens rotations can be used for this effect. In the
general case, Givens rotations should be applied successively
for the columns hs1, . . . , py1, on the rows nshq1, . . . ,
p for each column and with the following indices for the rota-
tions, ish, ksn, and lsh. To calculate the candidate
terms’ NRSS, swapping between column j and p is per-
formed followed by retriangularization by Givens rotations.
Using Eq. 20 with m s j, the NRSS of possible term p, ps j,s
. . . , m is recorded. The jth term of the model is then easily
selected as the one that minimizes NRSS . The selected termp
then should be positioned in the jth column of R. This again
involves swapping of the columns j and p of the original R
Ž .before the manipulations to calculate the NRSS and retri-p
angularization of R. When a term is selected the index j is
advanced by one and the whole procedure repeated. The fi-
nal problem to be solved is the criterion for ending the selec-

Ž .tion procedure. Liu et al. 1987 suggested that the selection
of candidate terms continue until

m s

NRSS t s1y ERR t F
 , 22Ž . Ž . Ž .Ým i ss
is1

where 
 is a preset tolerance. Generally, the selected re-s
gressor terms and their number at every computational step

Ž .are different. Korenberg et al. 1989 suggested a value of
0.0005 to 0.005 for 
 . In the presence of noise, it is difficults
to select a proper value of the tolerance 
 , that will works
well at every time step. Instead, the employment of a more
complex criterion that takes into account both the perfor-

Ž . Ž .mance error reduction and the complexity number of terms
of the model is desired. AIC and the Bayesian information

Ž . Ž .criterion BIC Akaike, 1970 are such criteria. Both penal-
ize the number of terms used, so that overparametrization
Ž .selection of unnecessarily many terms is avoided. The ef-
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fects of overparametrization on model dynamics are dis-
Ž .cussed by Aguirre and Billings 1995 . The AIC and BIC are

given by the following expressions:

AICsn log � 2 q�mŽ .e s

BICsn log � 2 qm log ny1 , 23Ž . Ž .Ž .e s

Ž . 2where � is a parameter suggested value is 4 and � is thee
Ž .variance of the prediction error a posteriori calculated over

n data points. Under the reasonable assumption that the
mean of the error is close to zero, the variance can be ap-
proximated by the squared norm of the error divided by the
number of points considered. When a forgetting factor is em-
ployed, the number of data considered depends on the weight
put in each of the data. At time step, t, the number of data

Ž .points n t that should be considered in the calculation of
the error variance can be given by

t
iy1n t s � sn ty1 �q1 with n 0 s0. 24Ž . Ž . Ž . Ž .Ý

is1

Ž . Ž .Then the RSS t given by Eq. 18 and n t given by Eq. 24 can
be used to yield the following expressions for the information
criteria:

RSS tŽ .
AIC t sn t log q�m ,Ž . Ž . ž /n tŽ .

RSS tŽ .
w xBIC t sn t log qm log n t y1 . 25Ž . Ž . Ž . Ž .sž /n tŽ .

To select the best model, the information criteria must be
minimized with respect to the number of terms used. The
reason for using two different criteria is that the AIC has
been criticized because of its consistent overestimation of the
true parameter vector. To use these criteria in on-line model
selection, their values are recorded with each term selected.
This value decreases until a minimum and then starts in-
creasing. When one of the two criteria attains a value greater
than the previously attained one, then the minimum m ism
detected. The number of selected terms m is equal to m qs m
1.

Finally, after the selection of the model is complete for
each time step, the parameters should be calculated. This is

Ž .done by getting the upper m submatrix of R t , denoteds
Ž . Ž . Ž .R t , and the first m elements of © t , denoted as © t ,s s m ms

Ž . Ž . Ž .and solving the system R t � t s© t by backsubstitutions s ms
Ž .for the parameters � t of the parsimonious model. Care hass

to be taken for the proper permutation of the selected re-
Ž .gressor terms and the reorthogonalization of R t before cal-

culating the parameters.
With minor modifications, the GFEX algorithm can be used

to recursively estimate the parameters of a fixed model either
linear or nonlinear. The modification is achieved by bypass-
ing the error-calculating inner loop and the AIC-minimizing
outer loop. At each time step, an index of the column posi-
tions corresponding to the desired model can be supplied,

and after column swapping and retriangularization the pa-
rameters can be estimated by backsubstitution. Because of
the column swapping the index should be provided sorted in
ascending order. Several alternatives exist for the model con-
struction, based on whether the model structure andror
time-delay changes with time. Fixed ARX or NARX model
parameter estimation employs the QR decomposition tech-

Ž .nique instead of the recursive least-squares RLS algorithm.
QR decomposition performs well in comparison to RLS
Ž .Sargantanis, 1996 .

Some other modifications can be investigated, such as the
bias inclusion, the output filtering, and the variable forgetting
factor. For the latter option, a reliable formula has to be de-
veloped that takes into account a measure of the changing
dynamics of the system, discounting the changing structure,
and therefore the changing number of terms included.

Results
In this section, the modeling of the DO process using data

obtained in batch fermentation runs with B. subtilis cells is
presented. The basis of all modeling results is the data of a

Ž .fermentation run employing Medium 3 Park, 1993 at 500
rpm and 37�C. The sampling time for identification was 24 s,
the control algorithm was adaptive pole placement
Ž .Sargantanis, 1996 , and the time delay was adjusted manu-
ally. A variable 15% to 3% DO profiles was employed. The
particular experiment was chosen because of the different

Žranges of dynamic regimes DO setpoints and cell metabolic
.states and control qualities. The plots of the output and in-

put signals is given in Figure 1.

Linear model results
Since the GFEX formulation is suitable for linear models

too, the first task is to establish connection between the QR-
based and the RLS-based parameter estimation techniques.
A fixed model with orders nas2, nbs2, and nks2 was

Figure 1. Experimental DO and O flow-rate profiles for2
a B. subtilis fermentation.
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Conclusions
On-line selection of NARX model structures was per-

formed using a QR decomposition algorithm that employs the
GFEX scheme for model selection. Backsubstitution solution
provides the model parameters. The procedure was shown to
yield time-varying model structures in time-varying batch
bacterial cultivation experimental data. Distinct structure
patterns were observed in the course of the fermentation. QR
decomposition performs well in time-varying parameter esti-
mation. Fitting and short step-ahead prediction were satisfac-
tory, but overparametrization and blowout of the long step-
ahead prediction were observed. The forgetting factor turned
out to be a tuning parameter to enhance performance. Fur-
ther research in the fields of explicit time-delay estimation,
smoothing of abrupt model structure changes, and on-line
detection of poor performance is needed for successful real-
time process-control application.
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Notation
csGivens matrix second element
esmodel error
esmodel error vector
IsIdentity matrix
ssGivens matrix first element
©sQR tranformed y
ysoutput vector

�sregressor vector for parameter estimation

Symbols
sparsimonious model selections

�sexponentially weighted
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